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NOMENCLATURE 


The following nomenclature is used in this paper: 
E = modulus of elasticity 
G = modulus of rigidity 

I = area moment of inertia of cross section 
A - cross-sectional area 
^ - weight per unit volume 

k = numerical shape factor for cross-section 
y = total deflection 
¥ = bending slope 

Y = normal function of y 
"$7 = normal function of 
% = non dimensional length of beam (x/L) 


i = 

P = 

L = 

„ 2 = 
2 _ 


V- 1 

angular frequency 
length of beam 

X lA.&.b 2 - 

EI 5 r 


r = I/AL 
s 2 * El/kAGL 2 


g = acceleration due to gravity 
M = mass of the attached mass 
B = moment of inertia of mass 
m = mass of the beam 


X 

f 

Po 

JL 


X 2 +- -r -1 - 


X X +V 


X z -f S x X^+S 3 - 
frequency from classical theory 

the torsional spring constant of the end elastically 
restrained against rotation* 


?-s x 

P a -TT X 
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INTRODUCTION 

The effect of moment of inertia of an attached mass 
to a beam, on the natural frequencies of the beam-mass 
system has received considerable attention by several 
investigators. Nowacki (1)* and Prescott (2) have dis- 
cussed the case of the transverse vibration of a cantilever 
beam carrying a concentrated mass at one end. Both have 
ignored the moment of inertia of the attached mass. Nowacki 
has al so considered the case of a simply supported beam 
carrying a mass at the center, wherein moment of inertia 
of mass is again neglected. It is stated wrongly that 
due to symmetry only symmetric modes exist. Vibrations 
of beams carrying a mass having moment of inertia has been 
discussed in recent years by J. C. Maltbaek (3), Yu Chen (4), 
W.E. Baker (5), and M. S. Hess (6). In all these cases, the 
mass is placed at the middle of the beam having symmetric 
boundary conditions. Vibrations of a beam with mass at 
any arbitrary position is studied by Y.C. Das and L. S. 
Srinath (7). 

But in all these cases the effect of rotatory inertia 
and shear deformation of the beam, on the frequencies and 
normal modes of the composite system is neglected. All 
these authors studied this problem in the light of the 
classical one-dimensional Bernoulli- Euler theory which 

♦Numbers in parantheses refer to the list of references 
at the end of the paper. 




considers only the deflection of the beam due to 
flexure and the inertia forces due to transverse acceler- 
ation* But this theory is inadequate for the study of 
higher modes of beams, as well as for the modes of beams 
for which the cross-sectional dimensions are not small 
compared to their lengths between nodal sections. 

The first correction to the classical theory of 
beam was made by Lord Rayleigh (8). The elements of a 
vibrating beam perform not only a translatory but also 
rotatory motion. Rayleigh recognized this additional 
inertia load and showed its effects on the response of a 
vibrating beam. This effect is known as the effect of 
rotatory inertia. 

In 1921 Timoshenko (9, 10) showed that a more 
refined analysis is possible if the beam deflection due 
to shear in addition to the rotatory inertia be taken 
into account. This modified Timoshenko theory substantially 
agreed with experimental results. On the other hand, the 
exact equations, due to Poehhammer (11) and to Chree (12), 
have been derived from the general equations of the 
theory of elasticity. The resulting frequency equation 
for flexural vibrations is discussed by Bancroft (13) and 
the necessary computations are carried out by Hudson (14) 
and Davis (15). It is seen that the results from Timoshenko* 
equation are in remarkably good agreement with those 
obtained by Bid son from the exact elasticity equations. 

Since then there has been considerable research 
Interest in applying the Timoshenko theory to the 
transient responses of beams as well as the free and 



forced vibrations. Anderson (165 and Dolph (17) , in 
dealing with this problem, gave general solutions and 
complete analysis of uniform hinged-hinged beam. Using 
methods of Hits and Galerkin, Haung (18) also presented 
the results for a hinged-hinged beam. Earlier Kruszewski 
(19) obtained frequency equations for cantilever and free- 
free beams by solving a complete differential equation in 
deflection with prescribed homogeneous boundary conditions. 
Haung (20) derived the frequency equations and normal modes 
of free vibrations of finite beams including the effect 
of shear and rotatory inertia for various simple end 
conditions. ) , * 

••-•'The aim of this pap§r is to study the vibrations 
of a beam with central attached mass having a finite 
moment of inertia, and including the effects of rotatory 
inertia and shear deformation of the beam. /To achieve this, 
the following novel features are used: 

i) The solutions are obtained for two differential 
equations in total deflection and bending slope, respectively* 

ii) The constants in these solutions are related 
by any one of the two original coupled equations from which 
the foregoing two complete differential equations are 
derived. 

iii) The boundary conditions prescribed are homogeneous. 

iv) Symmetry and anti-symmetry properties are considered}- 

-jJ 

\ Due to symmetry of the boundary conditions of the 
beam and the location of mass, two types of modes, viz. 
symmetric and asymmetric, exist. By using this property, 
only half of the beam is considered to obtain the frequency 
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equations. In case of symmetric modes there is only 
translatory displacement of the attached mass in 
transverse direction, and in case of asymmetric modes 
there is only rotation of the attached mass. These 
properties are used in setting up the proper conditions at 
the center of the beam. 

'•'The following types of boundary conditions, which 
are of general interest, are considered: 

i) Supported - Supported, 

ii) Clamped - Clamped, 

iii) Free - Free, 

iv) Elastically restrained against rotation at both ends. 

Various special cases are obtained from the general 
frequency equation of the beam-mass system. These special 

cases check with the results obtained by other authors. 

/ 

"As the general characteristic equations of the beam- 
mass system are highly transcendental, they are solved 
with the help of IBM •• 1620 computer to get the first 
two frequencies in each ease. 

fjjhis problem has lot of bearing to practical 
situations. A machine resting on a deep beam or the wing- 
spar section of an aircraft may be idealised to one of 
the above problems. 



SECTION I 


ANALYSIS OF THE PROBLEM 


A. DIFFERENTIAL EQUATIONS: 

The coupled equations for the total deflection 
7 and the bending slope , as derived by Timoshenko 
(21) are, 


El 


b^y 

a* 3 - 



-V)PlCn 


If 

3 


bP'V 


= o 


Yfl _ l / 2a. 

y *• a* 2 - 



O 


( 1 . 1 ) 


(1.2) 


Eliminating ^ and y from equations (1.1) and 
(1.2), the following two uncoupled differential equations 
in y and are obtained: 


cr ^ , ih __ ( jj£ +. , iz.mbi - n 

J ^ 3 3*- & 5 gkS.^" (1.3) 

— . £x y\ ^ , _ n 

3 b-k^ v 2 3 k 3 9k0. a*4 - v (1.4) 


The first two terms of equation (1.3) constitute 
the classical, Bernoulli - Euler, equation; the two terms 
containing k in the denominator arise from the inclusion 
of shear deflection and the remaining member of the left 
side is rotatory inertia term. 

The shear slope, moment and shear are given by: 

Shear slope; <p CX-jk ) — 'f 

bx- 


(1.5) 



Moment; 01 ( X, Jr) - — £ j X-L (1.6) 

2>x. 

Shear; C *, *) = k ft & ( |£ - yj (1.7) 

For the simplest end configurations, the 
boundary conditions are the followings 


Hinged End; y = 0 and 

^ =0 

t X. 

(1.8) 

Clamped End; y = 0 and 

y = o 

(1.9) 

Free End; ~~ = 0 and 

o X- 

QjL KU - 0 

3x r y 

(1.10) 

Elastically restrained against rotation; 


y - 0 and 

EXp^ — i Y 

(1.11) 


B. SOLUTIONS s 

Let us take the solutions of equations (1.1) to 
(1.4) in the form 


y (x, t) * Y (I) eipt (1.12) 

f (x, t) = Tfr (f) (1.13) 


Substituting these solutions into equations 
(1.1) to (1.4) and omitting the factor e^-P^, equations 
(1.1) to (1.4) are reduced to 


( 1 — )XJt -f- = o 

y u 4- b CL s 2 y - L ip-' ~ o 
y ,v + b^CxWjy"- b a a -j> a -rV^ y = o 
ip" 4-b (t + s 1 ) b X ( 1- __ q 


(1.14) 

(1.15) 


(1.16) 


(1.17) 


The dimensionless parameter b is directly 
related to frequencies of vibration, p. The dimensionless 


♦Prime indicates the derivative with respect to 
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parameters r, and s are measures of the effects of 
rotatory inertia, and shear deformation, respectively. 

There are two sets of solutions of (1.16) and 

(1.17). 

CASE Is When b 2 -]' /:L > ( ir\. 

the solutions of equations (1.16) and (1.17) can be 
found as 

Y = C 1 Cosh hct% ■+■ C 2 s'mh U§ -f- C CjOs 4- C 4 Sin ( 1#1 8) 


ip- — q siy/h + C 2 co^ii q s in fcpi 4- cos yp^ 

(1.19) 

where 

^ [- C^ 2 + s 2 ^ {< r h s^-f ±_ p’-J l/i 

P = \k [ 0^^ + { C ri s 1 4 + I'feVz. 

CASE II: When f ( -i '/x Y/ 2 x x , 

L y J < C TT + $ J 

£ 

the solutions of equations (1.16) and (1.17) are 


-+ iC^sm Uf 4- q coshp§ -t-C^ smlfj 

" (1.20) 

ip - 1 q si* 4 C x S »Vi 4- q sin 4 - (4 Cust>pf 

( 1 . 21 ) 

/ 

where <Y ' — 1 


It is but natural that the solutions of (1.18) 
and (1.19), or (1.20) and (1.21) are the solutions of 
the original coupled equations (1.14) and (1*16). 

Only one half of the constants in equations 
(1.18) and (1.19) or (1.20) and (1.21) are independent. 



They are related by the equations (1.14) and (1.15) as 
follows : 


C 


/+s l £ 


L 


cC 


c. 


c 


z 

l 


I A, _ J2- „ 

b ^ +- s r 

r • • * 

_ b c 


'5 


L 


c 


b 

L 


-P 

s 1- 


• c 


i 3 


4 


(1.21) 

( 1 . 22 ) 

(1.23) 

(1.24) 


C. FREQUENCY EQUATIONS: 

The application of appropriate boundary 
conditions, the continuity equations at the center and 
relations of integration constants (1.21) to (1.24) to 
equations (1.18) and (1.19) or (1.20) and (1.21) yields 
for each type of beam a set of four homogeneous linear 
algebraic equations in four constants to C 4 with or 
without primes. In order to have the non-trivial solution, 
the determinant of the coefficients of C g must be equal 
to zero. This leads to the frequency equation in each 
case from which the natural frequencies can be determined. 

Since the boundary conditions and the location 
of the mass on the beam are symmetric, instead of writing 
two set of boundary conditions and continuity equations 
in the center, we can cut the beam-mass system into two 
similar parts. In this way, we have to write only one 
set of boundary conditions and the continuity equations* 
This simplifies to solving only one half of the beam 
with four conditions. In case of symmetric modes, the 



slope will be zero always so that the mass can only 
translate, but cannot rotate. Then, the shear force will 
he proportional to the inertia force of the mass. In 
case of anti-symmetric modes, the deflection will be zero 
always so that the mass can only rotate, but cannot 
translate. Then the moment is proportional to the inertia 
moment (product of mass moment of inertia and angular 
acceleration) of the mass. Thus consideration of 
symmetry and anti- symmetry properties gives rise very 
simple continuity equations. 
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SECTION II 

SIMPLY SUPPORTED BEAM WITH CENTRAL MASS 


A. SYMMETRIC MODES : 

The boundary and continuity conditions can be 
written for the supported beam shown schematically in 
fig. 2-1. These conditions are: 


at x = 0, 


at x = L/2 5 


y = 0 

*%= 0 
0 
s 


kAG 


V ) 


( 2 . 1 ) 

m 


If equations (1.18) and (1.19) or equations 
(1.20) and (1.21) are substituted In (2.1) , the frequency 
equations are generated from the requirement that not all 
of the constants C s can be zero. Frequency equations are: 

1) When ^ O a -l- s x J^ 

frequency equation is 

= | ^ — oCj' 4: ardi hA 

yyi Z ~ 2- 

LIMITING CASES : 
a) Ignoring the effect of shear deformation 
and rotatory inertia, we obtain 



- p - \jsfb since r = s = 0 (2.3) 

Frequency equation (2.2) takes the following 
form by using condition (2.3) : 


M, V|, 

m z 


-tern ^ — -hknk 


i] 


Equation (2.4) is same as derived by Baker (5) 


(2.4) 
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\\ 



b) If M = 0, we get the frequency equation 
for supported-guided beam of span 1/2 without mass. This 
equation is 


C 


(2.5) 


£05 if 

2- tae gel lie 

c) ¥hen J>1 co in equation (2.2) frequency 

equation for supported - clamped beam of span 1/2 without 

mass. This equation is 


k~ ~ -taTikf - C (2/ 

This equation is same as Haung has obtained (20). 

2) When £ ^ ^ ^ j ^ </ 


frequency equation is 

(l+/J = g.i.j £ --tan v + 

This equation is obtained by substituting /.= 1/ in 
equation (2.2) • 

B. ASYMMETRIC MODES: 


(2.7) 


The beam shape for the first asymmetric 
mode is shown schematically in fig. 2-2. The boundary 
and continuity conditions are: 



! 

r y = 0 

at 

N 

If 

O 

X. 


at 

x = 1/2 

u 

o 


Mo = - EI ^ X = 


& t^E 

2 df 2 - 


(2.9) 


The frequency equations, obtained in the same 

manner as for the symmetric modes, are as follows: 

1) When + 4 1 

u hP~~ J ' $ 
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(|4~£ ) ~ AiL • b. I J~ ccih - Ji cob Af '' 

me- X p 2.| ( 2 .1C) 

LIMITING CASES : 

a) Ignoring the effect cf shear defamation 
and rotatory inertia, equation (2. 1C) takes the following 
form 


2 


-4- B _ ( V b 

m l 2 


CtJ 


■U v l 


ceth ~ - col Ik 7 

2. -t / 


J 


( 2 . 11 ) 


This equation is same as obtained by Baker (5). 

b) For B = 0, the following equation is 

obtained 
S [ti kf - o 

Z (2.12) 

This is the equation for supported - supported beam of span 
1/2 without mass. This equation is same as obtained by 
Haung (20). 

c) For equation (2.10) takes the 

following form 

^Wt?--tar,bg = o (a . 6) 

This is the frequency equation for supported - clamped 
beam of span 1/2 without mass. This is same as obtained 
by Haung (20). 

2) When 

t 

by substituting /.ml/ in equation (2*10), we obtain 
the following equation 

(,+n= — -I- 4-^-- X-cAhSi C 2.i4) 

u mi ?- ? L 2 . g iJ ^ J 
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SECTION III 


CLAMPED BEAM WITH CENTRAL MASS 


A» SYMMETRIC MODES: 

The boundary and continuity conditions can 
be written for the clamped beam as shown In fig. 3-1. These 
conditions are : 


at x = 0, 


at x = L/2, 


f 7 = 0 

| 'f = 0 

■f=0 

l Q = kAG (*L : 


(3.1) 


. \u \ _ _ m. fti 

r ) - 2- af- 




By substituting the equations (1,18) and 
(1.19) or equations (1.20) and (1.21) in (3,1), frequency 
equations can be found from the requirement that not all 

Frequency equations are; 


of the constants C g can be zero 


1) When | (_ -y s L ) 7 ' 4- — ^ 1 /L ^ ( or'tq. s 2 ") 

l— b" J 

J_ ^ )+-£ smfi M-c-oskf ^»sir> — J — 

. k . [x^f- X/^C^sK ^-cos M -f- 


£1 
m x 


( i — ^)sin 


¥ si ^¥] 


(3.2) 


LIMITING CASES : 

a) Ignoring the effect of shear deformation 
and rotatory inertia, equation (3.2) reduces to 


SIT) 


4 


Vh 

COS ~ + cos 


X 


b -sm — 


J22 

TV) 


Vb 

A 


[ 1 - 


cosh ¥i?. cos 

%■ A, 


(3.3) 
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This equation is same as obtained by Baker (5). 

b) If M = 0, we get the frequency equation 
for clamped - guided beam of span L/2 without mass. This 
equation is 


-tzxoak y 4- ?l£ troi 


(3.4) 


c) If M — <*=> f we get the frequency equation 
for clamped -clamped beam of span 1/2 without mass. This 
equation is 

0 ~' 2 _c.osUk£.<u>skI a. I 3s^~ 

i a ^ 'Xi~b 1 ~r x s A ) , /7- 

= O (3.5) 

This is the same as obtained by Haung (20). 

2) When - 4- ^/yx] ,/z 4 ( S 7 ~)^ 

by substituting X. =. i/* in equation (3.2), we obtained 
the following equation 

y + ^„ 


J-sinhk^.sin^i 
‘ x 2_ 


I 3 


0 + 5 >[ 


s I 'D y -COS 


f 


•COS — SJ-n tf 
X 2 - 


pn 

~rr> X 


|.j^2 Plf- XPlfCos 0 + P>' ^>5 in klsi'-nAlJ 


(3.6) 


B, ASYMMETRIC MODES: 

The beam shape for the first asymmetric mode 
is shown schematically in fig. 3-2. The boundary and 
continuity conditions are: 




IS 



FIG.3-2.A SYMMETRIC MODE CLAMPED SUPPORTED 
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0 


at x= L/2 


M 0 * - Eli 


(3.7) 


_ 8_ c y - 
*- 2. 


By substituting the equations (1.18) and 
(1.13) or equations (1.20) and (1.21) in. (3.7), frequency 
equations can be found from the requirement that not all 
of the constants C s can be zero. Frequency equations are : 


1) When 


L< 


^ 2 -S 2 '0 2 _|- it n'2- 


p-j 


0>Of>[ C os-bi , cc5fi 


a? 


J 


46 _ b 

m ;'r ? 




erst 


L b-A 


• COS' 




2-0 ( ^ 




l-Sink^r-sirtk^ J 


T32S) 


LIMITING CASES : 


a) Ignoring the effect of shear deformation and 
rotatory inertia, we obtain the following equation from 
equation (3.8),. 




46 

m i2- 


^ ^ f COS — - 


42 


L 


-j l 

2/ 


(3.9) 


This equation is same as derived by Baker (5). 

b) By substituting B = 0 in equation (3.9) 
we obtain the frequency equation for clamped supported 
beam of span L/2 without mass. This equation is 


-tranh ~ - - o 


(3.10) 


This equation same as derived by Haung (20). 

c) When B -> no in equation (3.9), the 
frequency equation is obtained for clamped -clamped beam 
of span L/2 without mass. This is same as equation (3.5). 
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SECTION I? 

FREE BEAM WITH CENTRAL MASS 
A* SYMMETRIC MODES : 

The boundary and continuity conditions can 
be written for the free bean as shown in fig. 4—1 as 
follows: 


at x = 0, 


ir = o 

5x 


jfi * =o 




(4.1) 


at x = L/2, 


Q = kAG OH - f) = -£l.^ 

4* 2_ d ± 2 - 

By substituting the equations (1.18) and 
(1.19) or equations (1.20) and (1.21) in (4.1), frequency 
equations can be found from the requirement that not all 
of the constants C g can be zero. Frequency equations are: 
1) When f + -- 1 C '*"’- 4 - s'~ ) 

i,(H-<) Cc s k£ -f c-csUhA . ~ 

/p 3 x p 3 X X- 


£1 i j £ ( l-} 1 ) -£ ■ sin kf - 7) ( 1 + f l ) ccsk y cos - z ^ 


?n 


(4.2) 

LIMITING CASES: 

a) Ignoring the effect of shear deformation 
and rotatory inertia, we obtain the following equation 
from (4.2) 


sinh&c.os ~ +cosK ^-sin ^ _ H.^fcosk ^.cos^+1 1 

z ^ ** * »> %{ 1- * f 


(4.3) 
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b) By substituting M = 0 in equation (4.2) 

we obtain the frequency equation for free - guided beam of 
span 1/2 without mass. This equation is 

f -Ira's) In "tam M* - c 

(4.4) 

c) When M — > in equation (4.2) we can 

easily obtain the frequency equation for free - claimped 
beam of span 1/2 without mass. This is as follows : 


3 4_r t'-f ■»’ L -S 1 ) 1 +ll CoU ki.eoski- lllttfU— s-rnk ti .sin tp ~ 0 

1 1 ^ ci- b-r-AC - ^ 

Tbi's Qc^warion is otiaiTHcd by Mausn.^ (>cj. 

2) When V fc x ] ^ £ C^+S 2 -)^ 


(4.5) 


' ( | + £ ) { { Sin ^ COS 4~ + ¥ ; - 5-l-n kf ( 


( 


x. 


O . i | £ ( |+ ^ysi'n k£- SI™ ^ O ‘bf> coS ™-C0S^ j I 


(4.6) 


B. ASYMMETRIC MODES; 

The boundary conditions can be written for 
this beam as shown in fig. 4-2 as follows: 


at x = 0, 


at x = 1/2, 



= 0 


7 = 0 


M _ n T 3V- _ 

° 7>yc 2- 


2. 

2> v> 
dt n - 


(4.7) 


The frequency equations are: 

1) When [ O' 2 - s 2 -) 2 --!- ^ ] ,/7_ > ( s 2 J) 5 
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*Ul+$) 

4b 


* 'a -A nk • cos hi ~ t cosh k* - 

, ~ 2- i 


b \ 


? j l/»J f 7) ( I f j-") -cosk 


b *> 


LIMITING CASES : 


J ( 1 -Z" j 


s i ■•? ^ 



?h\k h_T ■ si* 


(4* 8) 

Ap ,i 

^ 1 


a) Ignoring the effect of shear deformation 
and rotatory inertia, we obtain the following equation 
from (4.8) 

6 1 T) k Ak-ccs ~ -Cosk ~ • 5|7> ^ „ j li f f j_ + cos . cos A *£. 

(4.9) 

b) Substituting B = 0 in equation (4.8), we 
obtain the frequency equation for free - supported beam 
of span L/2 without mass. This equation is 


7i 4-amU \?A f- {a'h - o 

x > ^ (4.10) 

This equation checks with equation derived by Haung (20). 

c) "When B —jc^in equation (4.8), we obtain the 
frequency equation (4.5) for free - clamped (cantilever) 
beam of span L/2 without mass. 

2) When ]~c Tr L ~s^) ^ + 4^ j 2 4 ( r 


A ( ~ Si m — • CoS ^ 


COS 


h' 
U' 


si™ 


4& 

7n l 


1, 


x 8 > Cos ~Z' 


^ -cos hi 


k ii-~ 

f( 1 , 4 - % ,C ~) s~i* kfj 


(4.11) 
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SECTION 7 


BEAM WITH ENDS ELASTICALLY 
RESTRAINED AGAINST ROTATION AND A CENTRAL MASS 


A. SYM MET RIC MODES; 

The boundary and continuity conditions can be 
written for this beam as shown in fig. 5-1 as follows: 


Y = 0 


El|^ = J 0 * 


at x = 1/2, 


•f = o 


(5.1) 


kAG (|*-YO =~2T!.| h. 
a* 2- d i 2- 


By substituting the equations (1.18) and (1.19) 
or equations (1.20) and (1.21) in (5.1), frequency 
equation can be found from the requirement that not all of 
the constants C g can be zero. Frequency equations are 
1) When ^ J ^ y s ^j 

“{ — bar) k£ ) -f /o _L « f i / i 


u 7 Tf ' ^ { ^ + * 

' 

( ^ y . -(ra-n kl 1 l ~ n 


(5.2) 


LIMITING CASES: 


a) Ignoring the effect of shear deformation and 
rotatory inertia, we obtain the following equation from (5.2) 

? + y ■[g > - ( i-*ecin.sec£j 


2- ex 


+ v4. ^ +4a ’»f)] = o 


(5.3) 
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This is the same equation which is obtained by Hess (6). 

b) Substituting J = 0 in equation (5.2), we 
obtain the frequency equation for simple supported beam 
(2.2) which is already derived in section II. 

c) As 3 ' 0 — in equation (5.2), we get the 
frequency equation for clamped - supported beam (3.2) 
which is given in section III. 

d) Substituting M = 0 in equation (5.2) , we 
obtain the following frequency equation for the end 
elastically restrained against rotation - guided beam of 
span 1/2 without mass; 


XC l+ P + iTx' kk X ^ ¥ j 


(5.4) 


e) Wien M— ^-^in equation (5.2) , we obtain the 
following frequency equation for elastically supported - 
clamped beam of span 1/2 without mass 

^ I 4 . i$L . f J}± r 1 __ 2 Srec iy. secM 

1 ^ J a£T a+fJ L ^ ^ 


2* j (U+pL- 

C ^ ^ ) 'tixW' ~~ - J J _ q 


(5.5) 


2) When [t ^ + ^ J ^ £ ( T i 45 i ; 


5i c i + p -m - 

-fe™ ) + S . bj^ /L £ x _ xsecM’. s ^ h j_ X 

= o 

(5.6) 


PI . r / 

w ~l =<f 


B. ASYMMETRIC MODES; 

The boundary and continuity conditions can be 
written for this beam as shown in fig. (5.2) as follows: 




-a?' 


at x = 0, 


0 


i sif* = ; 0 v- 


at x = 1/2 


j y =o 

M n = —SI™ — -= • ■=--■- 

I ° >4- 


(5.7) 


By substituting the equations (1.15) and 
(i.19) or equations (1.20) and (1.21) in (5.7), frequency 
equations can be found from the requirement that not all 
of the constants C g can be zero. Frequency equations are : 

1} When [C^ i '='h i + Ajh x C^+S-) } 

Ax' L ,+ i •>( C05, ’ x ■ ^ ^ ^ ^ *£j— 


oosk ^- clos ( i sinL hA' s'!-* 2~jf 


Z£J L 

48 - k 

'• m i 2 - k 

~ + 'ir.kt-Zf.S^Ug.C'sig) J + 

H~ ( )\ sink 4^ . fi-nkf ~ O ^ 5 * 8 ^ 

-* 2-2-- 

LIMITING CASES : 

a) Ignoring the effect of shear deformation 
and rotatory inertia, vre obtain the following equation 
from (5.8) 

+ Ax ( - 

^/ + Av^(rJA t - 1 J = O 


(5.9) 

This is the same equation as derived by Hess (6). 

b) As 3 0 ->o in equation (5.8), we obtain the 
frequency for simple supported beam (2.10) which is already 
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derived in section II. 

c) As j 0 ~-»CPin equation (5.8), we get the 
frequency equation for clasped - supported beam (3.8) , 
which is given in section III. 

d) Substituting B = 0 in equation (5.8) , we 
obtain the following frequency equation for the end 
elastically restrained against rotation - supported beam 
of span 1/2 without mass 



Sn i 


^ S i r 'X y • cos ^ l 


^ -- |+ \>4C 


ku, 


51 'U 


y 

X- 


(5.10) 

e) As B~>e»In equation (5.8), we obtain the 
following frequency equation for the end elastically 
restrained against rotation - clamped beam of span 1/2 
without mass 


-f- jg L 


cosk y . cos tf-4- () si'r + 2.^/ 1 


j_ 

X 






5r>vi> ^ • dos kf j 


0 


(5.11) 

.X , 


Z/ ( I 


2) When £ c ■**- 5 X J V ^ ] /Z C ^ 5 i 

If SlV^- ces^}- . 

1 f-2>V CtS^i'-Cv*^ + C I ■+?! L ^sC .S-i-H kg-Ht'fj'j 

yy\ l?~ A | ^ 

Af . cos -1 J 


■ iei . 
^er L 

k% 

*r)L 


(5.12) 
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SSCTICN VI 

NUMERICAL SOLUTION OF FREQUENCY EQUATIONS 


For a. given "be air. with r and s known, the 


(i = 1,2,3, . ..) can he found from the appropriate 
frequency equations and the corresponding pj_ are then 
calculated by the equation 


i 3 


■ £U 

‘ 'I'h L> 


( 6 . 1 ) 


However, these frequency equations are 
highly transcendental and not to he solved simply. This 
difficulty Is overcome by the use of frequency charts which 
are obtained from the solution of these transcendental 
frequency equations for various types of beams and various 
combinations of r and s. 

In this paper the following data is assumed 
to solve these frequency equations numerically 


k = 2/3 
E/C = 8/3. 

Hence, E/kG = 4 and s = 2 r. 

The range of r is taken from 0 to 0.10 with 

p 

the increment of 0.02. The values of M/m and 4B/mL are 
taken from 0.0 to «*£ . 

Frequency equations are solved by trial and 
error method on IBM 1620 computer. Computer program is 
given on page 3 $ , In this paper the solutions of the 
frequency equations are obtained in all the cases except 
for the ends, elastically restrained against rotation. 



upto first two symmetric an c tvo asymmetric inodes. 

Same program can he used to obtain the higher modes. 

The results are tabulated, in the tables 1 to 12. 
These results are plotted graphically in figs. 6.1 to 
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COKKJTER 


PKCGHAKKE 


NUMERICAL SOLUTION OF FREQUENCY EQUATION By TRIAL AND ERROR 
METHOD 

CLAMPED ED6ES-ASYMMETRIC MODES 
DIMENSION F { 2 ) 

98 FORMAT < 3E14.7 ) 

J=1 
7 1*1 

D8R=0 • 1 

AMR=MASS OR MOMENT OF INERTIA RATIO 
BR=5QUARE ROOT OF B 

REMEASURE OF THE EFFECT OF ROTATORY INERTIA 
S*MEASURE OF THE EFFECT OF SHEAR DEFORMATION 
GIVING INITIAL ESTIMATE TO THE ROOT < BR ) 

READ98*AMR,R»BR 
S = 4 

RS=R*R 

SS=RS*S 

FORMATION OF LEFT HAND SIDE OF THE EQUATION ( F=0 1 .BREAKING LEFT 
HAND SIDE OF THE EQUATION INTO 2 OR 3 TERMS THAT IS F=F1+F2+t- 
51 K= 1 
4 B=BR*BR 

Q*SQRTF ( (RS-SS)**2+4./B**2) 

QN=RS+SS 

BT=SQRTF( (QN+QI/2. ) 

I F ( Q-QN ) 15*8.16 
CASE 1 

FORMATION OF F1.F2.ETC. 

16 AL=SQRTFU-QN+Ql/2.) 

X=B*BT/2. 

Y=B*AL/2. 

CH={EXPF(Y)+EXPF(-YH/2. 

SH=<EXPF{Y)-*EXPF(~Y) }/2. 

C*COSF{ X ) 

S=SINF( X ) 

Q11*AL*AL+SS 

Q12=BT*BT-SS 

QR=Q12/Q11 

AMD=AL/BT 

F 1= ( AL+QR*AMD*BT ) * ( QR*AMD*C*SH-CH*S J 

F2=AMR*B/8.*(2.*QR*AMD*CH*C-2.*QR*AMD+ ( OR**2*AMD**2~l* ) *SH*S ) 
GO TO 17 



u u 
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CASE 2 

FORMATION OF F1,F2,ETC. 

15 AL=SQRTF{ (QN-G)/2. 3 
X=B*BT / 2 * 

Y=B*AL/2. 

CH*COSF { Y ) 

SH a SINF C Y ) 

C=CQSF ( X ) 

S*SINF ( X ) 

Qll* AL+AL-SS 
Q12=BT*BT— SS 
QR*Q12/Q1 1 
AMD=AL/8T 

Fl= < AL-OR*AMD*BT )*{ QR*AMD*C*SH-CH*S ) 

F2=AMR*B/8 .* (2. *GR* AMD-2 . *QR*AMD*CH*C- ( QR**2*AMD**2+1 • ) *SH*S ) 
17 F<(C)=F1-F2 

K=(C+1 
BR=BR+DBR 
IF( K— 2 5 4»4»1 1 

11 IF(F(1)*F(2) )12,12,13 
13 F ( 1 ) =F { 2 ) 

Go'tO 4 

12 Br=BR-2.*DBR 
1 = 1+1 

IF( 1-4)71,71,82 
C TO FIND OUT THE ROOT TO THE NEXT DECIMAL 

71 DBR=DBR/10. 

GO TO 51 

82 PUNCH98 »AMR*R»BR 
J=J+1 

IF( 0-125)7,7,8 
8 STOP 
END 


GO 
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TABLE « 


SUPPORTED - ASYMMETRIC MODE 2 


IS 


m 
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FREE -SUPPORTED SYMME 



M/ VS 
Vm 
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CONCLUSIONS 


It is observed that by increasing the mass 
ratio or moment of inertias ratio, frequency decreases 
for the fixed value of r. It is also observed that for 
the fixed ratio of masses, as well as inertias, frequency 
decreases as r increases. 

It is also observed for the fixed ratio of masses 
of the attached mass, and beam, as well as for the 
fixed values of mass moment of inertias of the attached 
mass, and the beam, frequency of the composite system 
decreases as r increases and asymptotically approaches 
the appropriate limiting cases. 

For any given value of r, mass ratio, the ratio 
of moment of inertias, and boundary conditions frequency 
can be obtained from the graphs directly. 
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